Abstract. We investigate the process of phase-controlled high-order abovethreshold photoemission from sharp metallic nanotips under bichromatic laser fields. Experimental photoelectron spectra resulting from two-color excitation with a moderately intense near-infrared fundamental field (1560 nm) and its weak second harmonic show a strong sensitivity on the relative phase and clear indications for a plateau-like structure that is attributed to elastic backscattering. To explore the relevant control mechanisms, characteristic features, and particular signatures from near-field inhomogeneity, we performed systematic quantum simulations employing a one-dimensional nanotip model.
Introduction
When a point-like system, such as an atom or a molecule, is exposed to an intense laser field, electrons released via tunneling are accelerated by the field and can either be emitted directly or revisit the parent ion to recombine or rescatter [1] [2] [3] . This famous and intuitive three-step picture turned out to be a central and stunningly robust concept in strong-field physics and has become a key paradigm of attosecond science [4] . While the recombination step gives rise to high harmonic generation [5] and the formation of attosecond pulses [6, 7] , rescattering is responsible for the high energy electron emission. In atomic strong-field ionization, the most-energetic electrons emerge from elastic backscattering with the well-known classical energy cutoff at 10 U p , where U p ist the ponderomotive potential [8] .
In the strong-field ionization of atoms and molecules, collective effects are usually negligible and the driving laser field can be assumed to be homogenous on the spatial scale of the electron excursion such that the Coulomb field of the residual ion and electron correlations determine the fine structure of photoelectron spectra [9] [10] [11] [12] . In the case of laser-driven nanostructures, the situation is different, as the optical near-field can be strongly enhanced and field inhomogeneities on the sub-wavelength scale can unfold substantial impact on the electron dynamics. A key demonstration is the quenching of the field-driven quiver motion using extremely localized near-fields at nanotips [13] . However, if the near-field extension is sufficiently large, laser-driven electron backscattering was not only found to generate the most energetic electrons for nanostructures as well, but also turned out to be well controllable with the carrier-envelope phase of the incident few-cycle laser pulse [14] [15] [16] . The presence and dominance of elastic backscattering documents the important conceptual link between strong-field atomic physics and strong-field nanoscience [17] [18] [19] and motivates the analysis of its significance for subcycle nanotip photoemission and resulting protocols for attosecond electronics based on waveform-controlled laser fields [3] .
Recently, control of strong-field processes with bichromatic laser fields has become particularly popular [20] [21] [22] [23] , as two-color fields containing a strong fundamental and a weaker higher harmonic are easy to generate from frequency up-conversion. In particular, the intrinsic stability and controllability of the relative phase makes two-color fields attractive for strong-field waveform control [24] . Despite a large set of studies on atoms and molecules, two-color strong-field ionization of nanostructures has been studied only little so far. Recently, the resonant two-color excitation of pre-expanded clusters has been reported to enable sub-cycle controlled electron acceleration via plasmon assisted forward rescattering [25] . Other studies targeted the non-destructive regime and reported strong phase dependence of the two-color ionization of tungsten nanotips [26, 27] . The particularly high relevance of nanotip-based strong-field effects for applications motivates a systematic analysis of the relevant control mechanisms under bichromatic fields and the investigation of their sensitivity to near-field localization.
Our current theoretical analysis is motivated by a particular experimental two-color nanotip photoemission scenario similar to previous work [26, 27] . A sharp tungsten nanotip with apex radius of 10 nm is illuminated with femtosecond pulses emitted from an Erbium-doped fiber laser. The fundamental has a central wavelength of 1560 nm and 74 fs pulse duration. The second harmonic field with wavelength 780 nm has a slightly shorter pulse duration of 64 fs. The relative phase between the two colors is interferometrically stabilized and can be locked to an arbitrary relative phase value. A selection of measured photoelectron spectra is displayed in figure 1 . All spectra show a strong low energy peak followed by an exponentially decaying contribution that exhibits an increased slope beyond 10 eV. The different spectra correspond to: Only the fundamental (gray area), both colors in phase-locked mode at the photocurrent minimum (red), and the phase-locked case at the photocurrent maximum (green). The respective near-field peak intensities include field enhancement factors of γ ω = 7 and γ 2ω = 6. The nanotip used in the experiment is a monocrystalline tungsten tip oriented in [310] direction with work function W 310 = 4.31 eV [28] . Here, electron energies are measured with respect to an effective barrier height of W eff = 3.6 eV, including the shift induced by the Schottky effect due to the bias voltage applied to the nanotip. Peaks indicated by numbers corresponding to the respective multi-photon order are clearly visible and the total photocurrent is homogeneously suppressed or enhanced in the case of the relative ω − 2ω phase locked to minimum or maximum photoemission, respectively. Additionally, the spectrum corresponding to phase-locked maximum exhibits a rather clearly visible highenergy cutoff (region indicated by the dashed lines). As will be motivated in more detail below, the stronger near-threshold peak and the plateau-like features are attributed to direct and backscattered electrons, respectively. In the presence of the weak 2ω component, the suppression or strong enhancement of the signal when varying the relative phase documents a substantial two-color effect. The main goal of the following analysis is to explore the signatures and mechanisms of the phase-controlled nanotip photoemission in detail theoretically. A particular aspect is the analysis of the significance of near-field inhomogeneity effects and their relevance for future experiments.
In order to explore and analyze the photoemission dynamics, we considered a simplified one-dimensional metallic nanotip model and performed systematic sets of simulations that compare predictions resulting from quantum and classical treatments of the electron dynamics. In the quantum version, we describe the two-color photoemission by solving the one-electron time-dependent Schrödinger equation in the inhomogeneous near-field. Our model allows adjusting the essential nanotip parameters such as work function, Fermi energy, field enhancement and decay length. We find clear signatures for near-field induced ponderomotive shifts and pronounced two-color effects in the ATI spectra including a decay length-dependent cutoff. By the comparison with classical trajectory calculations we show that the phase-dependent signals from direct electrons and the signatures in the plateau region can be associated with ionization rate effects. The modulation of the high energy cutoff, however, can only be described by the twocolor effect on the elastic backscattering trajectories. Our findings support that the phase-dependent recollision features provide a robust and useful marker for relative phase calibration.
Methods
In the following we motivate the assumptions underlying the simplified one-dimensional nanotip model and discuss both its quantum mechanical implementation employing the solution of the time-dependent Schrödinger equation (TDSE) as well as the classical trajectory version [1, 29] . Common to both versions is the description of the effective field on the axis of the ideal metallic tip with apex at x = 0. Inside the tip (x < 0), the field is assumed to vanish because of perfect screening. On the surface and in the region outside the tip (x ≥ 0), we consider a local instantaneous field enhancement of the incident laser field E inc (t) with an exponentially decaying profile. The resulting enhancement profile is defined as
with peak enhancement γ 0 and decay length λ nf , that we assume to be equal for both spectral components. The bichromatic incident laser field is described as
with peak electric field amplitude of the fundamental E 0 , normalized common Gaussian pulse envelope f (t), relative intensity of the 2ω-component β, and relative two-color phase ϕ. The resulting effective local near-field (see figure 2(a) ) reads
and is used for both model versions. 
Quantum mechanical description
Starting point for the quantum mechanical implementation is the field-free ground state in a square well potential
as illustrated in figure 2 The laser-driven dynamics is simulated by integrating the wavefunction Ψ(x, t) according to the time-dependent Schrödinger equation
using a Crank-Nicholson propagator. Here, m is the electron mass, is Planck's constant, and V (x, t) is the effective time-dependent potential including the laser induced near-field in length gauge via
Absorbing boundary conditions are implemented at both sides at the end of the numerical arena to prevent spurious reflections. The numerical arena itself is chosen large enough to accommodate all relevant spectral components for a sufficiently long time after the pulse to ensure converged electron spectra. At the end of the simulation, energy spectra of electrons emitted to the right (i.e. into vacuum) are evaluated using the window operator method.
Classical trajectory model
For the purely classical description, trajectories are born at rest at the classical tunneling exit x birth = −W/E nf (x = 0, t birth ). Trajectories are propagated in the two-color nearfield via numerical integration of the classical equation of motion
For electrons returning to the surface (x = 0), we consider elastic backscattering (ẋ → −ẋ). Trajectories are weighted with an instantaneous tunneling rate [31] . Energy spectra are evaluated from all emitted electrons, i.e. from electrons with (x > 0) and positive final momenta. For historical reasons, this classical version is henceforward termed the simple man's model (SMM).
Results and discussion
In the following we assumed an incident fundamental ω-field with wavelength 1560 nm, pulse duration τ = 20 fs, intensity I = 1 × 10 11 Wcm −2 , a relative intensity of the 2ω-field of β = 0.01, and a peak field enhancement of γ 0 = 7. As a result, the effective field intensity at the tip apex is close to 5 × 10 12 Wcm −2 . The resulting ponderomotive potential of the dominant ω-component is U figure 3(a) show that the 2ω field alone induces only weak ATI peaks with the exponential intensity decrease typical for the perturbative regime (blue spectrum) and negligible net yield when compared to the ω-only case (gray area). The latter exhibits the typical strong-field signatures such as a prominent direct electron feature at low energy followed by a plateau with a pronounced cutoff. In addition, the corresponding result from the classical SMM model is shown, which predicts a much sharper cutoff. In both cases, the plateau ends near 10 U p . Although the 2ω pulse is very weak, its presence in the combined field results in strong, phase-sensitive modifications with respect to the ω-only reference spectrum up to high energies (green and red lines). In particular, the enhancement shows a spectral chirp, i.e., for a given relative phase the emission current is amplified in the plateau region but suppressed in the cutoff region or vice versa. The detailed phase-dependent evolution will be discussed in more detail below.
To illustrate the strong influence of the range of the near-field, figure 3(b) displays the evolution of ATI spectra for ω-only excitation with decay length. The analysis reveals two main trends. On the one hand, the ATI spectrum quickly collapses in the limit of very strong field localization for decay lengths approaching the electron quiver amplitude (red horizontal line). In this limit, recollision becomes suppressed and eventually quenched [19] . The spectral positions of the ATI peaks, however, remain unchanged. For larger decay lengths ( 100 Å), on the other hand, the ATI spectrum remains robust but ATI orders exhibits a gradual shift to lower energy with increasing decay length. This energy downshift has a magnitude of U apex p and reflects the fact that the ponderomotive acceleration of electrons escaping from the near-field gradually vanishes. For intermediate values of the decay length (≈ 100 Å), the electrons can fully experience the inhomogeneous spatial profile of the near-field and can accumulate the corresponding ponderomotive energy during their escape before the temporal field envelope ceases. This is not possible for very long decay lengths, where the temporal profile will terminate the field long before the near-field decays, eliminating ponderomotive acceleration [32] . The underlying competition of the spatial and temporal decay effect also explains why low ATI orders show the shift already at much lower values of the near-field decay length than fast electrons. The latter can benefit much longer from the ponderomotive gain as they can still escape the region of the enhanced field during the pulse. This spectral dependence of the quenching of ponderomotive acceleration in the ATI spectrum represents a characteristic fingerprint of the inhomogeneity effect and could therefore serve as a sensitive marker for its experimental verification. For practical reasons, however, the variation of the pulse duration would be more attractive than changing the decay length in experiment.
Full phase-dependent ATI spectra for two-color excitation as predicted from the quantum and classical models are shown in figure 4 for representative values of the decay length. In all cases, the quantum mechanical model predicts strong modulations of the ATI peaks with relative phase, see figure 4(a)-(c) . By fitting a harmonic oscillation Y fit = A + B cos(ϕ − ϕ crit ) to the phase-dependent yield of individual ATI peaks, we determine energy-dependent critical phases ϕ crit (E) that characterize maximal two-color yield (black curves in figure 4(a)-(f) ). Note that the resulting evolution of critical phases exhibits a chirp from values of 1.2π in the low energy region to 0.8π in the plateau region. Besides the modulation of individual ATI peaks in the low and intermediate energy range, also the high energy cutoff of the ATI spectra itself becomes modulated and results in a phase evolution of the yield with a critical phase (maximal cutoff) around ϕ crit = 1.5π. In addition, while the overall structure persists, the cutoff is gradually shifted to lower energies as the near-field becomes more localized. It should be emphasized that the data from the quantum model alone does not allow a rigorous and intuitive further identification of the underlying mechanisms. The corresponding SMM results in figure 4(d)-(f) show a clear direct electron feature, a relatively smooth plateau with step features associated to individual halfcycles near the pulse peak, and a sharp global cutoff. Although the formation of ATI peaks cannot be explained classically, several trends of the quantum result are well captured by the SMM model: (i) the shape and phase evolution of the direct electron feature agrees very well, (ii) in the plateau region, maximal yield is found for phases similar to the respective critical phases of the quantum version, (iii) the modulation near the cutoff is qualitatively captured. As the ionization step in the SMM can be disentangled from the trajectory integration, a selective activation of the 2ω-field can be performed and uncovers the impacts of the trajectory effects and the ionization rate effect on the two-color spectra.
A selective analysis for the case with moderate decay length from figure 4 is given in figure 5 . This analysis shows that the modulation signatures at low and intermediate energies are essentially captured completely by activating the 2ω field only in the ionization rate ( figure 5(a) ) and are practically absent when activating the 2ω field only in the trajectory integration ( figure 5(b) ). Hence, it can be concluded that the trajectory effect is negligible for the two-color effect in this spectral region. In contrast to that, capturing the high energy cutoff modulation is possible only when using the full two-color field in the trajectory integration but not necessarily in the ionization. Note that also the ionization rate effect results in a small cutoff modulation due to mere statistical weight of corresponding trajectories. This cutoff modulation, however, exhibits the wrong phase behavior when compared to TDSE. Therefore our analysis clearly supports that the phase-sensitivity of the two-color photoelectron spectra results from and can be controlled via fundamentally different effects. Whereas the ionization effect governs the 2ω-contrast in low and intermediate energies, the cutoff region is most sensitive to the two-color effect on the trajectory. The fact that the critical phases in the cutoff region are robust against changes of the decay length shows that the two-color modulation of the signal in this region may be a suitable marker for the characterization of the relative phase of two-color fields.
Conclusion
We have analyzed the two-color photoemission from sharp nanotips within a simplified one-dimensional model and have performed simulations for parameters motivated by a particular experimental scenario. We find clear two-color signatures and identify a quenching of the quiver motion as well as a ponderomotive energy shift effect as a result of the finite near-field extension. Most importantly, our analysis of the phasedependent yield within the quantum and classical versions of the model shows that the plateau resulting from elastic backscattering obtains its phase sensitivity because of two different effects, namely the ionization rate modification and the trajectory modification. In particular the cutoff modulation is captured well classically and proofs to be very robust, supporting its relevance for the measurement and calibration of the relative two-color phase in a nanotip phasemeter device.
